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Time Simulations of the Response of Maneuvering
Flexible Aircraft

Leonard Meirovitch* and Ilhan Tuzcu"
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This work is concerned with time simulations of the response of flying flexible aircraft to initial conditions and
external excitations, such as gusts. The simulations are based on a unified formulation of the problem of dynamics
and control of maneuvering flexible aircraft developed recently by the authors. The formulation represents a seam-
less integration of pertinent material from the areas of analytical dynamics, structural dynamics, aerodynamics,
and controls. It incorporates both the aircraft rigid-body motions and elastic deformations and it includes the aero-
dynamic, propulsion, gravity, and control forces, all in a rigorous manner. The formulation lends itself to efficient
computer processing of the aircraft response. The formulation contains improvements over the earlier formulation
by the authors in the form of a reduced-order structural model and newly designed, easier-to-implement controller
and state observer. The corresponding time simulations are entirely new, and no similar results have been obtained
by other investigators. The developments should help with the design of the new generation of unmanned aerial
vehicles (UAVs) and in particular with the design of autonomous UAVs controlled by autopilots.

Introduction

HIS paper is concerned with computer simulations of the re-

sponse of flying flexible aircraft to initial conditions and exter-
nal excitations. The problem formulation can be traced to generic
equations of motion in terms of quasi-coordinates derived origi-
nally for flexible spacecraft! and extended subsequently to flexible
aircraft.? Traditionally, the subject of stability and control of aircraft
has been treated in two separate disciplines, flight dynamics® and
aeroelasticity.* For the most part, flight dynamics is concerned with
maneuvering rigid aircraft. Although on occasions some flexibility
isincluded, flexible aircraft do not appear to be in the domain of flight
dynamics. At the other end of the spectrum, aeroelasticity is con-
cerned mostly with the vibration and flutter of flexible cantilevered
wings. A few rigid-body degrees of freedom have sometimes been
added in an ad hoc manner, but the subject of maneuvering flexible
aircraft seems to have attracted little or no interest.

Over the past half century, there have been a number of attempts
to treat flight dynamics and aeroelasticity on an integrated basis.
Most of these attempts have been limited in scope, however, as the
ultimate objective has been confined mainly to stability statements.
The problem of simulating the dynamics and control of maneuver-
ing flexible aircraft has been addressed in a comprehehsive manner
quite recently.’ Indeed, in Ref. 5 the authors integrate into a sin-
gle consistent formulation all the material necessary for describing
the dynamic response of maneuvering flexible aircraft, namely, ana-
lytical dynamics, structural dynamics, aerodynamics, and controls.
Based on fundamental principles, the new unified theory incorpo-
rates in arigorous manner both the rigid-body motions and the elastic
deformations of the aircraft, as well as the aerodynamic, propulsion,
gravity, and control forces, in addition to forces of an external na-
ture. The formulation has been used in Ref. 5 to generate computer
simulations of the response of flexible aircraft to a prescribed gust.
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Reference 5 contains a comprehensive review of the literature on the
subject of combined flight dynamics and aeroelasticity of flexible
aircraft. It should be pointed out, however, that virtually none of
these investigations went so far as to simulate the flight of maneu-
vering flexible aircraft, so they are only marginally related.

It appears that two of the main stumbling blocks in developing a
formulation capable of simulating the response of flying flexible air-
craft are the difficulty in integrating various disciplines into a single
unified formulation and the time required to carry out the necessary
computations. These drawbacks are caused for the most part by the
aerodynamics, which is difficult to integrate and demands a great
deal of computer time. One aerodynamic theory not suffering from
these drawbacks is strip theorys; it is the theory used in Ref. 5 and in
this paper. Time simulations of aircraft response to external stimuli
of the type carried out in Ref. 5 can provide important information to
the design process in general and to the design of autopilots in par-
ticular. Note that autopilots capable of controlling both rigid-body
motions and elastic deformations ensure stable flight trajectories
and passenger comfort, and by definition they prevent potential di-
vergence and flutter. Moreover, they are essential to autonomous
unmanned aerial vehicles (UAVs).

Computer simulations imply discrete-time computations, which
raises the question of sampling period, or time step. For design pur-
poses, the time required to compute the aerodynamic and control
forces on line, to permit the computation of the system state at the
next sampling time, need not bear much resemblance to the sam-
pling period, although it should be reasonably short. For autopilots
requiring real-time computations, the computational period must
be the same as or shorter than the sampling period. Quite often,
the difficulties in producing meaningful time simulations are due
to the approach used. As an illustration, we cite Ref. 6, whose ob-
jective is to simulate ... fluid—structure interaction during rapid
flight maneuvers at transonic conditions by use of advanced, time-
accurate CFD—CSM coupling methodology.” Essentially, “temporal
and spatial coupling algorithms” are used in Ref. 6 to make two in-
dependent computer codes, one for aerodynamics (CFD) and the
other for structural mechanics (CSM), work together. The scope
of Ref. 6 is relatively limited, as the aircraft is assumed to follow
a known preset trajectory, so that there are no rigid-body degrees
of freedom and there are no controls. Not surprisingly, the process
of meshing together two independently developed computer codes
with large numbers of variables demands substantial time. Indeed,
several relatively short-time simulations on a 32-processor computer
took about 35 h.

This paper is concerned with time simulations of the response of
flying flexible aircraft to external excitations and contains several
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improvements over the formulation of Ref. 5. In particular, it in-
volves a reduced-order structural model using whole-aircraft shape
functions, instead of component shape functions as in Ref. 5, re-
sulting in a 28-state model versus a 76-state model. Moreover, this
paper involves new controller and observer designs. Superior per-
formance of the controller and observer is achieved due to the lower-
order model, as well as due to the addition of actuators and sensors
placed at judiciously selected points throughout the aircraft. This
is manifested through faster decay of the perturbed variables, faster
convergence of the state observer, and significantly lower compu-
tational time. It should be pointed out that all the time simulations
in this paper were carried out by a 1-GHz personal computer; every
simulation took only a few minutes, which demonstrates the feasi-
bility of real-time control. This is very important for autonomous
UAVs, which must be controlled by autopilots and hence must have
computers on board.

Equations of Motion in Terms of Component
Generalized Coordinates

Aircraft can be regarded as assemblages of flexible components
working together as single systems, where the components can be
broadly identified as the fuselage (f), wing (w), and empennage
(e). The motion of aircraft can be conveniently described by attach-
ing sets of body axes x;y;z; (i = f, w, e) to the undeformed compo-
nents (Fig. 1). Thus, the motion of the individual components can
be described by three translations and three rotations of the body
axes and elastic deformations measured relative to the body axes.
Because the individual components do not move relative to one an-
other, the translations and rotations of the wing body axes x,, yu Zuw
and empennage body axes x, .z, are uniquely defined as soon as the
translations and rotations of the fuselage body axes x sy sz, as well
as the elastic deformations of the fuselage, are defined. Hence, we
describe the motion of the aircraft as the translations and rotations
of the fuselage body axes x;y,z, and the elastic displacements of
nominal points of the individual components relative to the corre-
sponding body axes.

From Ref. 5, the motion of a whole flexible aircraft of the type
shown in Fig. 1 can be described by the position vector R ;(t) of the
origin O of axes x s y sz s relative to the inertial axes XY Z, where R ¢
is expressed in terms of components along XY Z, a symbolic vector
0, (t) of Eulerian angles between x;y,;z; and XY Z, and elastic
displacement vectors u;(r;, t) (i = f, w, e) of typical points in the
flexible components, in which r;(x;, y;, z;) are nominal position
vectors relative to the origins O; of the corresponding component
body axes.

O
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Because the elastic displacement vectors u; (r;, t) depend on the
spatial variables r;, the motion of the aircraft is described by or-
dinary differential equations for the translations and rotations of
the reference frame x,y,z, and boundary-value problems’ for the
distributed variables u;. Note that boundary-value problems con-
sist of partial differential equations and associated boundary condi-
tions. Systems described by boundary-value problems are infinite-
dimensional and for the most part they defy analytical solution. This
is particularly true for the flexible aircraft under consideration, for
which there is a boundary-value problem for each flexible com-
ponent, and they are all coupled to each other, as well as to the
ordinary differential equations for the rigid body motions. Hence,
the only alternative is approximate solutions, which require spatial
discretization’ of the boundary-value problems. Rather than first
deriving boundary-value problems and then carrying out spatial dis-
cretization, it is more efficient to discretize the distributed variables
u; directly. In either case, discretization amounts to approximating
the distributed-parameter problems by finite sets of ordinary differ-
ential equations. To this end, we introduce the expansions

u;(ri, 1) = O,;(r)qu(t), Y (ri, 1) = Pyi(ri)gy: (1)

i=fiw,e (1)
where ®,; and ®,,; are matrices of component shape functions and
q.; and q,,; are corresponding vectors of component generalized co-
ordinates for bending and torsion, respectively. Then, adding some
kinematical expressions relating time derivatives of displacements
to quasi-velocities, Ref. 5 gives the special form of the state equa-
tions in terms of quasi-coordinates:

R, =Clvy, 0, =E;'w,
GQui = Sui, qwi = Syi, i=fwe
Py = —0pvs +F.pop = =Vipvs — @por + M
. T
Pui = 9 Kuiqui — CuiSui + Qui = fwe 2
Dyi = —Kyiqyi — Cyisyi + Qyi
where V;, w; are vectors of translational and angular quasi-

velocities of x;ysz s, Vs, @7 are skew-symmetric matrices derived
from V¢, w; (Ref. 8), Cy is a matrix of direction cosines between
xsyszyand XY Z, s,;, 8y (i = f, w, e) are component generalized
velocities, I, M are force and moment resultants due to gravity, aero-
dynamics, propulsion, controls, and external excitations acting on
the whole aircraft and in terms of fuselage body axes components, T

xf, Vi
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Fig. 1 Flying flexible aircraft.
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is the kinetic energy for the whole aircraft, K,,;, Ky; are component
stiffness matrices for bending and torsion, C,;, Cy,; are associated
damping matrices, and Q,;, Qy; are component generalized forces.
Moreover,

o7 T
Pvy = v, Por = b,
oT oT i f 3)
ui = ) i = 5 r=J,w,e
P Bsm- Py aS\/,,'

are associated momenta. Note that the term “quasi-coordinates”
refers to the fact that the velocity vectors V; and w ; cannot be inte-
grated to obtain displacements and angular displacements,® where
the components of V are referred to as forward velocity, sideslip,
and plunge and the components of w s are commonly known as roll,
pitch, and yaw. It should be mentioned in passing that it was shown
in Ref. 1 that the components of V; can also be treated as quasi-
coordinates. We observe that Egs. (2) contain both velocities and
momenta, so that the equations must be solved in conjunction with
the associated momenta—velocities relations, which can be written
in the compact form

T gy )
P=%v =

where p=1[py, por Py Puw =+ Pyl = [P{ P P3Py

T ; / / / id T T T T
p%i is the system momentum vector, V=[V; w} s,; S,
str '

=[vI vI vI vl ... VI is the system velocity vector,
and M = [M;;] is the system mass matrix, a symmetric matrix con-
veniently expressed in partitioned form with the submatrices’

My =ml, My, = 8"

M = / @, dm s + / Cy (FLCul®ypy + Cou Py, ) dmy,
+ fcj(fjcem,,fe +Ce®ype) dm,., ...,

My =CT / irdy,, dm,, My =J

My = f(F/' + q)u:‘;uf)q)uf dm ¢ +f [Cw (Frw + q%;:quf)r
+ (o + Ponn) Co] (FLCudADysy + Cu®yry) dm,,
+ / [CoFre+ Purettp)” + o+ Progu) C.]
X (FI CADype + Co®ype) dme., ...

~ —~ ~ — T.
Mg = f [CeGre+ Purequp)” + (o + Pucque) Ce | 7l Dy dm,

M33 = / q),ij)uf dmf + f (;ufchq)ufw + chbufw)r
X (FLCuA®fyy + CoyPypy ) dmy,

- T/
+ f (reTCeAq)uje + Ce(bufe) (r;rCeAcbufe + Cquufe) dme
- T
My = | (F)CoAPysy + CoPupn) Puwdmy,, ...,
- T
Msg = / (FI CeA®ype + CoPype) 7] Pyedm,., ...

Mgg = / q)‘icfefzq)we dme (5)

in which m is the aircraft total mass,
§ = /(Ff +¢;;1/uf)dmf
+ / [Fru+ Puruur)CL + CL o + Pun) | Co dim,
+ / [Fre + @ureur)CT + CT G + Pueue) |Codme — (6)

is the matrix of first moments of inertia of the deformed aircraft,
and

J = / (Fr + Pusup)” Fr + Pusquyp) dmys
~ — - — T
+ / [Cw(rfw + cDuquuf)T + (rw + q)quuw)TCw]
X [Cw(;fw + q)u_/f\u)_/qu)T + (Fu) + q)u/u\:_q/uu:)TCw] dmw

- — - — T
+ / [CeFre + Puseu)” + Fe + Pueque)” Ce ]

X [Ce(Ffe + q)u;\e-éuf)T + (;e + q)/u-e\;ue)TCe] dme (7)
is the inertia matrix of the deformed aircraft. In the above
0 0
d o7 07
- T
A = 3Xf s q)uf = ¢ufy OT
T T
i 0 0 ¢ufz
8xf
(Dufw = (buf (rjw) (8)

and expressions analogous to ®,; and ®,,, can be written for @,
and @, 7,,. Consistent with the notation of Eq. (4), the kinetic energy
has the simple form

T =1ivimMv 9)

In Ref. 5 expressions are also given for 97 /dq,;, the damping
matrices C,;, Cy,;, and the stiffness matrices K,;, Ky;(i = f, w, e).
Moreover, expressions for the generalized forces in terms of the
actual distributed forces f;(i = f, w, e¢) and the engine thrust Fp
are given as follows:

F = /[ff +Fgd(ry —rg)ldD; + CT /f dD, +CT /fe dD,
M= /(ff + @, qu)f; + Fpd(ry —rp)]dD;
+ / [Frw + Puraur)CL + CLFy + Prouu)fu Dy,
+ / (e + Pureur)C! + CL e + Pretuc)1f. dD,
Q. = / @ fr +Fedry —rp)ldDy + / (Fr CuA @y
+Cy®upy) fudD,, +/ (F7 CoA®yy, + CoDuy.) f.dD,
Qys = / @y 7 1fy + Fed(ry —rp)]dDy + / (FaCu®ysu
+CuFT, Dy ) fudDy + / (F7 Co®y o + CoFT, By ) . dD,

Qui Z/Cbziﬁ dp;, Q\//i Z/q);,-fifi dD;, i=w,e (10)
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Equations of Motion in Terms of Aircraft
Generalized Coordinates

In the dynamics and control of complex structures, such as the
flexible aircraft under consideration (Fig. 1), structural modeling
and structural control are subject to conflicting requirements. Accu-
rate structural modeling tends to require a large number of degrees
of freedom. There are two widely used discretization procedures
capable of producing accurate structural models, the finite element
method and the Galerkin method, the latter being equivalent to the
Rayleigh-Ritz method for conservative systems.” The finite ele-
ment method can accommodate very complex geometries but tends
to require large numbers of degrees of freedom, reaching into many
thousands. In contrast, the Galerkin method tends to require signif-
icantly fewer degrees of freedom, but its use is limited to relatively
simple geometries. For example, using the Galerkin method, the
flexible aircraft of Ref. 5 was modeled with 32 elastic degrees of
freedom, which amounts to 38 degrees of freedom when the rigid-
body motions are included. In this regard, it should be pointed out
that, to demonstrate how the integration process works, it is not nec-
essary to use models with complicated geometries. On the other side
of the ledger, structural control design tends to experience increas-
ing difficulties as the number of degrees of freedom of the model
increases. Indeed, serious control design difficulties were experi-
enced in Ref. 5 even though the model involved only 38 degrees of
freedom, or 76 states, as discussed later in this paper.

From the preceding discussion, it follows that a smaller order
structural model retaining a large measure of accuracy is highly de-
sirable. In this paper, we consider the use of whole-aircraft shape
functions, in contrast to the components shape functions used in
Ref. 5. These aircraft shape functions can be obtained by solving an
eigenvalue problem for the associated “free—free” aircraft structure
undergoing small displacements from a given unstrained equilib-
rium state in the absence of aerodynamic forces. The eigenvalue
problem just described can be written in the form

Kd = »M,d (11)

where K = block-diag[0 K,; K, - Ky.] is the symmetric
positive semidefinite stiffness matrix for the whole system, in
which 0 is a 6 x 6 null matrix corresponding to the rigid-body
motions, My = M|, —o is a symmetric positive definite mass ma-
trix consisting of the submatrices given by Eqgs. (5) with the elas-
tic displacement vectors ¢q,; (i = f, w, e) set equal to zero, and
d=IR} 67 q, q., -+ q},]" is the displacement vector for the
associated linearized system, in which this time 8 is a genuine
vector.

Assuming that there are n elastic degrees of freedom, the solu-
tion of the eigenvalue problem, Eq. (11), consists of 6 4+ n eigen-
values A; and eigenvectors d; (i =1,2,...,6+n). Our objective
is to reduce the dimension of the discretized system, which can
be done only by reducing the number of elastic degrees of free-
dom. To this end, we retain only the first 6 +m eigensolutions,
the first 6 representing rigid-body eigenvectors with zero eigen-
values and the remaining m representing elastic eigenvectors with
real positive eigenvalues, where m is significantly smaller than
n. Then we replace the component generalized coordinate vec-
tors g, (£), quw(®), ..., qy.(t) with the aircraft generalized co-
ordinates &(¢), &(¢), ..., &,(¢), while leaving the rigid body
coordinates unaffected. To carry out the necessary transforma-
tion, we introduce the notation (1) =g’ ¢, --- q}.1", s() =
(s, sl - sh 0T =1l ab, - qh )L ED =16 & - &7,
n@=[m m - nul" =& & -+ &,]" and write the truncated
matrix of eigenvectors in the partitioned form

I X
dy] = 0 D, (12)

in which 7 is a6 x 6 unit matrix, X is a 6 x m matrix of no particular
interest, 0 is an n x 6 null matrix, and D,, is an n X m matrix. Hence,

D=1Id, d,

consistent with the idea that the rigid-body variables are not to be
affected, we write the desired transformation matrix as follows:

d(r) = Udg(1), V(@) =UV,@®) (13)
where d(t) =[d” (t) q" ()]" andd; (t) =[d" (t) &€ (+)]", in which
d(1)=[R} (1) Gi(t)]T is the rigid-body displacement vector,
and V(1) = [VVT(t) sT(H)]" and V,(t)= [VrT(t) nT ()17, in which

V()= [V; ) w/f(t)]T is the rigid-body velocity vector. More-
over,

U = block-diag[I D,,] (14)

is the transformation matrix. We refer to d¢(¢) and V,(¢) as the
reduced displacement vector and reduced velocity vector, respec-
tively.

Next, we propose to derive the reduced-order state equations. To
this end, we first write the mass matrix in the partitioned form

Mrr : MN’
M = e =Mq (15)
MT 1

re

insert the second of Egs. (13) in conjunction with Eq. (14) into
Eq. (9), express the kinetic energy as follows:

T =3V'M,V=3VIU'M,UV, =31VIMV, (16

in which

DIM!  DI'M,.D,

My =U"M,U = [ ------ I T } 17)

is the reduced mass matrix associated with the aircraft generalized
velocities, and note that M depends on . To derive the reduced
stiffness matrix, we first introduce the notation K, =block-diag
[Kif Kuw - Ky.] and write the potential energy

V=3q"K,q =38 DK, Dyé =36 K& (18)
so that the reduced stiffness matrix has the form
K¢ = DLK,D, (19)
By analogy, the reduced damping matrix is given by
C,=D!C,D, (20)

where C; =block-diag [C,y Cuw -+ Cyel.

Using the extended Hamilton principle’ and adding the appro-
priate kinematical relations, we obtain the state equations for the
reduced system in the form

Ry =CyVy, 6;=E;'w;. E=n
Pvy = —0mpvy +F. poy=—Vipvs —@pos +M

oT
Py = E—Ksﬁ—CmHQs 21

where, inserting the first of Eqs. (13) into Egs. (10) and noting that
D,=[D;; D!, --- Dj,1", we obtain the generalized forces

F = /[ff +FE8(rf _rE)]de+C£/fwdDm+Cz-/fedDe
M= /[Ff + ((Du;b/ufg)][ff +Fpd(ry —rg)ldDy + / {[(Ffw
+ (Pusu Dur©)ICT + CL[7y + (P Dun€)1} £ dD,,

+ / {[Fre + (@ure Dur©ICT + C [ + (@, D)1} f. dDe
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Q: = / (®urDus +7;¢W’Dw)r[ff + Fpd(ry —rp)]dDy
+ / [(7f Cu @i + Co®usu) Dug + Puw Di
+ (F1.Cu + CuF L, ) @y uDys + 7@y Dy ] fu D,
+ / [(7) CeA®use + Co®use) Dup + Pue Die

+(F7Co + CFL) Dy Dy + 7 Dy Dy ] £ dD, (22)

in which a tilde over a vector expression inside parentheses de-
notes a skew-symmetric matrix formed from the vector expression
in question,® and the same applies to all similar expressions appear-
ing in this paper. Moreover, using a process similar to that used in
Ref. 5, it can be shown that

oT

_nT T ~Tyy ) T ~T T v,
E - Duf [/ (bufwf Vf dmf + q)ufwwf Cw / VW dmw

—_~
w

+¢{_,903}C3/Vedmg} +D}u,,/q>fw(c wp)'V, dm,

+D], f @7 (Cow )"V, dm, (23)

in which

Vi@ t) =V + [ + (@, D) w;
+ (Pusr Dus + 7 @y Dys)

Vu(ru 1) = CuVy + {Culfru + (@ufu DI
+ [ + (Puu D17 C o
+[(Fr CoA®ypiy + CoyPupi) Dug + P Dy

+ (;Z;Cw + C,:Ffw) ¢>1//wa\//f + f,z:q)l,//waw]n (24)

are velocity vectors of typical points in the aircraft components,
and we note that an expression for V,(r.,?) can be obtained
from V,,(r,, t) by simply replacing the subscript w by e. Because
Eqgs. (21) contain both velocities and momenta, they must be solved
in conjunction with the momenta—velocities relation

p=M.V, (25)

where p = [p},; pl, p]1" is the system momentum vector.

It is perhaps appropriate to pause at this point and examine the
relation between component shape functions and aircraft shape func-
tions. Of course, both classes of functions represent admissible
functions’ and can be used in conjunction with Galerkin’s method
for the spatial discretization of the partial differential equations de-
scribing the elastic deformations of the aircraft. Quite often, compo-
nent shape functions are chosen in the form of the eigenfunctions of
an elastic member closely related to the component in question, for
which reason they are frequently referred to as component modes. If
the structure lends itself to a Galerkin discretization, then the model
derived by means of component shape functions tends to require sig-
nificantly fewer degrees of freedom than a finite element model for
comparable accuracy. Still, the number of degrees of freedom using
component shape functions is not nearly as small as that of a model
derived by means of aircraft shape functions. In essence, aircraft
shape functions represent linear combinations of component shape
functions, as can be concluded from the first of Egs. (13). These lin-
ear combinations, obtained by solving the eigenvalue problem given
by Eq. (11), are such that the resulting aircraft shape functions can
represent accurately the mass and stiffness properties of the aircraft

T
0l

structure with fewer degrees of freedom than the arbitrary combi-
nations of component shape functions chosen originally. In spite of
the fact that they were obtained by solving an eigenvalue problem,
the aircraft shape functions are not really aircraft modes. Indeed, the
idea of aircraft modes implies not merely structural discretization
but decoupling of the equations of motion, and hence the ability to
solve the decoupled equations independently. In fact, because the
mass matrix depends on the elastic deformations, rather than be-
ing constant, and the aircraft is subjected to structural damping and
aerodynamic forces, the aircraft shape functions, whether referred
to as modes or not, do not decouple the equations of motion. The
real reason for our use of aircraft shape functions is to generate a
discrete model of the aircraft structure with a relatively small num-
ber of degrees of freedom, which is of vital importance to feedback
control design.

In approximating a distributed-parameter system by a discrete
model, a question arising frequently relates to the number of elastic
degrees of freedom needed to ensure that the system is sufficiently
accurate for the derivation of system response and control design. In
this regard, basing the model on aircraft shape functions has many
advantages. Whereas the aircraft shape functions do not represent
aircraft modes, they do possess features similar to those of modes,
such as frequencies and shapes. In view of this, and using the anal-
ogy with conservative systems, we include in the model the shape
functions corresponding to the lowest frequencies first and keep on
adding shape functions corresponding to increasing frequencies as
the participation in the response warrants. This procedure is based on
the fact that the participation decreases as the frequencies increase,
where the rate of decrease depends on the nature of the structure.’
Moreover, the shape of the functions, and in particular the location
of the nodes, provides clues as to the placement of actuators and
sensors to ensure controllability and observability.’

The preceding discussion of reduced-order structural modeling is
predicated on spatial discretization by the Galerkin method. Yet the
finite element method is by far the discretization technique of choice,
so that the interest lies in producing a relatively low-dimensional air-
craft model based on the finite element method. This would require
the solution of the corresponding eigenvalue problem. But mass and
stiffness matrices for models derived by the finite element method
tend to be of very high dimension. Fortunately, a complete solution
of the eigenvalue problem is not really necessary, as the interest lies
in only a limited number of lower eigenvectors. These eigenvectors
are then used in conjunction with the associated interpolation func-
tions to generate the corresponding aircraft shape functions. From
here on, the procedure for deriving the reduced-order state equations
is the same as that for the Galerkin discretization described earlier.

Perturbation Approach to the Aircraft Response

The state equations, Egs. (21), represent a set of nonlinear dif-
ferential equations whose order depends on the number of elastic
degrees of freedom of the model. A solution of these equations can
encounter serious difficulties due to the system nonlinearities and
the fact that the rigid-body variables tend to be large compared to
the elastic variables. Moreover, if the number of elastic degrees of
freedom is large, even if only moderately so, the control design is
likely to experience problems. These difficulties can be obviated
by adopting a perturbation approach’ to the problem, based on the
aircraft dynamics. In the case at hand, this amounts to assuming that
the quantities associated with the aircraft rigid-body motions can be
expressed as the sum of a large part, called the zero-order part, and
a small part, called the first-order part, as follows:

R; =R? +RY,

_ pO (D _ yvO (1)
of—ef +6., Vf—Vf—FVf

©0) (O]

0
wr=w? +w!!, © 4 M

(0) 1
Pvy =Pvf +Pvf,

Pof =ow +pwf

F=F9+F"  M=M%+M"V (26)
in which the zero-order quantities, denoted by the superscript (0), are
at least one order of magnitude larger than the first-order quantities,
denoted by (1). Moreover, the quantities associated with the elastic
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deformations are assumed to be of first order. With this understand-
ing, we omit the superscript from the elastic quantities. Inserting
Eqgs. (26) into Egs. (21), considering the fact that the elastic quanti-
ties are of first order, and separating different orders of magnitude,
we obtain the state equations for the zero-order problem

) _ ~(O)T y,(0) © (0) (©0)

Ry =Cpm Vo, 0 (E ) Wy
0 ~(0 0 0 . () 0 ~(0)_ (0 0
P(v} _ >p<>+F<> I’w, —V >p§/> ()p)+M”

@n

where the matrices C” and E® are as given in Ref. 5. Moreover,
from the first two of Egs. (22), the zero-order generalized forces
have the expressions

FO = / [f7 +FP8(r; —re)]dD;
+cr / FOdD, +C! / £9dD,
M(O) = /;j[f;o) +F§?)8(rf —rE)] de

+ / (FruCu + CoFu) £ Dy + / (FreCd +CLR) £ D,
(28)

in which f} © fO, and f© are actual distributed zero-order forces
acting on the 1nd1v1dual components; their expressions are also
given in Ref. 5. Equations (27) contain both momenta and veloci-
ties, so that they must be solved in conjunction with the zero-order
momenta—velocities relation. From Egs. (17) and (25), in the ab-
sence of elastic deformations, this relation can be written as

P =p” =MDV (29)
which reduces to
Py =mVy +307wP pll =S5OV +70wP (30)

where the notation is obvious. We observe that Eqs. (27)—(29) de-
scribe the motion of the aircraft as if it were rigid; we refer to them
as the flight dynamics problem.

The perturbation technique also yields the state equations for the
first-order problem

R(l) — C(U)TV(fl) + C;I)TV(fO)

s s
0 = () () EP () e
P = o p — 60p) + FO
By = V0 — VO - a0t - L+ M
. a7\ "
I’n=<¥) — K& - Cm+ Qs (31)

in which the matrices C ;»l ) and E (fD are as given in Ref. 5. Moreover,
from Egs. (22), the first-order generalized forces have the expres-
sions

FO = / (£ +F sy —re)]dDy

+cr f F94D, + C7 / £ 4D,

MO = / {Felf + FP8ap —rp)]
+ @y Dy OO +FY5(ry —rp)]} dD;
+ / {(FraCL + LR + [(PurwDur€)CL
+C (@4, D] fO} D, + / {(FreCT + CT7)FD
+[(@ufeDur)CT + €T (@,.D,e8)] £} dD
0: = / (®us Duy + f}cbWDW) [F” +r7"
+(FQ + F)s(ry —rp)|dDy + f (G
+ Co®u) Dup + ®u Duw + iy Cos + CuFf,) Py Dy
+ 7Dy D] (O + £) dD, + / [(F C.A®,s.

+ Ce(bufe)Duf + cbueDue + (;gTCe + CE'F]{:g) d>1ﬁfeD1I/f

+77 @y Dye] (£ +£) dD, (32)

where £, U, and £ are given in Ref. 5. In addition,

oT M
_ T T 0T y; (l) ~(l)T‘(())
(@) _Duf{/¢ ( Vi to; vV )dmf

+<I>W,[ orcr / VO dm,, + 607 CT / o dmw:|

vor faes [ amsaprer [ o]

f
+l, [ L l(cl?) v+ (cn?) v am
+DL/4>T [(c. (;”) f/§“+(c:c?;))Tf/§°>]dme (33)
in which
V(O) V(O) ;J)
V(l)_V.(l)_’_ (1)+©MDM€)T (O (CDufDuf'f'F;q)\//fDd/f)’r]

VO =C, VP + (Cuff,, + 7 Co) @)

V(l) Co V(l) + (erfw + rTCw) M
+ [Co(@uruDus©)” + (Pu D) C ]
+[(Fr CoA®yfiy + CoyPupu) Dug + P D

+ (7l Cow + CuF ], )Py pu Dys + oy @y Dy | (34)

and we note that expressions for V©® and V) can be obtained by
simply replacing w by e in V¥ and V", respectlvely

Equations (31) contain both momenta and velocities, so that they
must be augmented by an appropriate momenta—velocities relation.
To this end, we retain the first-order terms in Eq. (25) and obtain the
desired relation in the form

p(l) — M(O)V(l) + M(I)V(O) (35)
in which p® =[ (I}T (I)T p} 1" is the first-order momentum vec-
tor, VI = [V(O)T (O)T 0T]T is the (6 4+ m)-dimensional zero-order
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i 1 —_yHT (DT
velocity vector, V7 =[V, " w;

vector, and

nT1" is the first-order velocity

=
:]
B

DIMOT . D'M©D,

[0 §or

=
]
3

(36)

DIMDT . DIMM D,

are the (6 +m) x (6 + m) zero-order and first-order mass matrices.

Equations (31)—(36) represent an extended perturbation problem.
The equations include in a natural manner the perturbations in all six
rigid-body motions of the aircraft. Moreover, the equations contain
terms representing the solution of the zero-order problem, or flight
dynamics problem, which implies physically that the extended per-
turbation problem is subject to excitations due to aircraft maneuvers.
But, because there is a whole variety of possible aircraft maneu-
vers, the first-order equations represent an entire family of extended
perturbation problems, one problem for every maneuver. We note
that, to accommodate all possible maneuvers, the motions in the
extended perturbation problem are measured relative to a noniner-
tial set of body axes. Hence, in general the inputs from maneuvers
inject time-varying terms into the extended perturbation problem. A
notable exception is when the aircraft undergoes steady level flight,
in which case the reference frame is inertial and the inputs do not
depend on time.

Control Design

In general, aircraft must follow a given flight path. To realize
this flight path, the pilot must control the trajectory and the attitude
of the aircraft by setting the angles of the control surfaces and the
engines throttles. This implies that Egs. (27) actually represent an
inverse dynamics problem, which requires the solution of nonlinear
algebraic equations rather than the solution of nonlinear differential
equations. Because of various disturbances, such as those due to
wind, the aircraft often deviates from the desired flight path. If left
unchecked, these deviations can lead to gross errors in the flight
path, particularly the deviations in the rigid-body angular motions.
Moreover, the elastic vibration can cause human discomfort. To
ensure that all perturbations from the desired flight path are driven
to zero, they are controlled closed loop, i.e., by means of feedback
control. The corresponding control design is based on the extended
perturbation equations, Egs. (31).

The solution of state equations is most conveniently carried out in
matrix form. Addressing the flight dynamics problem first, we solve
the zero-order momenta—velocities relation, Eq. (29), or Egs. (30),
for the velocity vector VI = [V(O)T (O)T]T introduce the result into
Eqgs. (27), and write the Zero- order state equations in the compact
form

0w =f(xO®) + BO (" 0)u ) 37

where f is a nonlinear vector function of the zero-order state
x© = [ROT OT i?}T (O)T]T B© is a coefficient matrix with
the top half equal to the null matrlx andu® =[F © 8O sO sOT
is the control vector, in which F is the engine thrust and 8‘(10) 85‘»
and 8© are the aileron, elevator and rudder angles, respectively.
As indicated, Eq. (37) represents an inverse dynamics problem in
the sense that first a state vector x (¢) describing a desired aircraft
maneuver is postulated and then a control vector #® (¢) permitting
realization of the given maneuver is determined.

In a similar fashion, solving the first-order momenta—velocities
relation, Eq. (35), for the velocity vector V(") = [V(I)T (fl)T U
and inserting the result into Egs. (31), we can wrlte the first-order
state equations in the compact form

(@) = A0V () + BOu (@) +[0 IN"Feut)  (38)

where x“)—[Ry)T G;I)T el pir pS}T py1" is the first-order

vf
state vector, A(tr) and B(t) are coefﬁ01ent matrlces uV) =
[F(l) s s 50 R R L R R L L fV]T
E a e r wl w2 Jwl 11,'2 el e2 Jel e2 e2

is the first-order control vector, in which fX and fX, are actuator
forces located on the right half of the wing and paralled to z®
and f£ are similar actuator forces on the left half, £, 2 L

f5 are actuator forces on the horizontal stabilizer, and £, v and
are actuator forces on the vertical stabilizer, and Fe is a vector of
generalized external forces.

The control design amounts to determining the control vector u)
such that, for any excitation F ¢y, of relatively short duration, the state
vector x1 tends to zero with time. A technique yielding an optimal
u'V is the linear quadratic regulator (LQR) method,’ where u" is
obtained by minimizing the quadratic performance measure

wl
and
V

If
J = %/ [x<”T(t)Q(z)x<”(r)+u<“T(t)R(r)u<1>(z)]dt (39)
0

in which Q(¢) is areal symmetric positive semidefinite matrix, R(z)
is areal symmetric positive definite matrix, and ¢, is the final control
time. The resulting control law is given by

u (@) = -Gt)x" (1) (40)
where
G =R (B (K@) (41

is the control gain matrix, in which K (¢) is a real symmetric ma-
trix satisfying the transient Riccati equation,” a matrix differential
equation. Inserting Eq. (40) into Eq. (38), we obtain the closed-loop
state equation

200 =[A@) - BOGOKV (@) +[0 II"Feult)  (42)

In the special case in which the coefficient matrices A and B, as well
as the weighting matrices R and Q in the performance measure,’
are all constant and the final time ¢, is relatively large, K tends
to a constant matrix with time, in which case the Riccati equation
reduces to the steady-state Riccati equation, an algebraic equation.
Then, for F,, =0, Eq. (42) reduces to

V@) = (A - BG)xV () (43)

which has the exponential solution x" () = e*xV, where A and x"
are constants satisfying the closed-loop eigenvalue problem

Ax® =M (44)

in which A, = A — BG is the closed-loop coefficient matrix. The
closed loop system is asymptotically stable if all the eigenvalues
A (i=1,2,...,2(6+m)) are real and negative and/or complex
conjugates with negative real part.

The solution of the eigenvalue problem, Eq. (44), and in par-
ticular the eigenvalues, is sufficient to determine the stability
of the closed-loop system, Eq. (43). To simulate the system re-
sponse to initial and external excitations, it is necessary to integrate
the state equations, Eq. (42). For a constant closed-loop matrix,
A, = A — BG =constant, the system response can be expressed in
the form of the convolution integral’

t
xV (@) = e*'xV(0) + / MO0 I"Fey(r)dr  (45)
0
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where x"(0) is the initial state vector and e”<’ is the transition

matrix, a matrix that can be expressed in the form of the series
A =T+ 1A+ 22DA2 + (P /3NA3 + - - (46)

In the case in which A, depends on time, the solution of Eq. (42)
can be obtained numerically in discrete time.’

Before the control gain matrix G can be computed, it is necessary
to choose the weighting matrices Q and R appearing in the perfor-
mance measure, Eq. (39). Although in theory the LQR method quar-
antees asymptotic stability of the closed-loop system, in practice
there are choices of Q and R that fail to produce a solution. In such
cases, it may be possible to obtain a reasonable solution by a trial-
and-error process. This process is likely to be made significantly
easier by the reduced-order modeling described earlier in this paper.

Control via Stochastic Estimator

Implementation of the control law, Eq. (40), requires the first-
order state x’, which must be obtained from measurements. We
observe, however, that the state vector contains generalized dis-
placements and momenta, which are abstract quantities, and the
measurements are all real quantities. Hence, the state can only be
inferred from measurements, which can be done by means of an
estimator, or observer.

We assume that the measurement vector can be written as

y0) =y +yV ) C)

where the zero-order party is obtained by means of an inertial nav-
igation system consisting of three accelerometers and three gyros
mounted on an inertial platform; the first-order part y" is obtained
by means of N; sensors (i = f, w, e) measuring velocities at points
P (k=1,2,..., N;) of the aircraft components. The interest lies
in estimating the first-order state x(¢) from the first-order mea-
surement vector y'V (), where the latter is referred to as the output
vector; the relation between the two can be written as

yP@) = cxV@) (48)

in which C is a matrix to be determined later in this section.

As indicated earlier, the state vector x("(¢) can only be estimated
by means of an observer, which represents a dynamical system sim-
ilar to the actual system and described by’

70 = ARO (1) + BuV (1) + K,y (1) — CRV ()] (49)
where £V (¢) is the observer state and K, is an observer gain matrix.
Letting F, =0 in Eq. (38), subtracting Eq. (49) from the result,

and introducing the observer error vector e(t) =xV (r) — 2V (), we
obtain the observer error equation
é(t) = (A — K,C)e(r) (50)

The objective is to determine the observer gain matrix K, such that
the error goes to zero with time. This is ensured if all the eigenvalues
of the matrix A — K,C are real and negative and/or are complex
conjugates with negative real part.

In implementing the controls, we must feed back the observer
state, because the actual state is not available. Hence, we must re-
place the control law given by Eq. (40) by the control law

u (1) = -Gz (1) (5D

If the eigenvalues of the matrix A — K,C lie deep in the left half
of the complex plane, then the observer state converges rapidly
to the actual state, thus ensuring good accuracy of the response
simulations.

An optimal observer can be obtained by means of a stochastic
approach whereby the observer gain matrix K, is determined by
solving a matrix Riccati equation based on two correlation matri-
ces, V and W, the first associated with the state excitation noise,
including the actuator noise, and the second associated with the ob-
servation noise, or sensor noise. The stochastic observer is known

as the Kalman-Bucy filter” and is the type of observer used in this
paper.

There remains the question of determing the matrix C, which
in the case at hand is not a trivial matter. Using the velocity sen-
sors and their locations as indicated earlier, the output vector has

the form y () =[RY" (1) 69" (1) y'" (1) y DT (@) yOT ()]
where (1) = [V,mT(P ,1) V,mT(Pz, 0 - VOT(Py, 017
(i=f,w,e), in which ‘_/l.(” (P, t) are vectors of velocity
measurements. From the second of Egs. (34), we can write

VO (P 1) = VI(0) + 7 (POWP (1) + & oy (P) Dupé ()

+ [ @ur (PODus + Ff (P) @y (PO Dy |m(t)
C 40 k=12 N (52)
= Crk s =1, 2,..., Ny
V(1)
where

Cp=[0 0 &P, (PIDy I F}(P)

D, (P Dys + 7} (P) @y s (P) Dy (53)

Similarly, from the fourth of Egs. (34), we can write

da @)
(1) _ . 3 _
V(P 1) = block-dlangk|: } k=1,2,...,N, (54

ViV (@)
in which
Cot =[0 0 CooV Dy Dy + (Cow) B (PO Dy
Cu Cuify +FL(PICy (il (P)C, AP,
+ CuPusu) Dy + Puy (Pe) D + (7o) (POC

+Cu T, ) ®ypuDyy + i (PO®yu(P) Dy | (55)

Moreover, V{"(P,, t) can be obtained from Egs. (54) and (55) by
simply replacing w by e.

Equations (52) and (54) are in terms of d(” and V" They can
be transformed into equations in terms of the state x“) by using
Eq. (35) and writing

|:d§1)(,):| [ 1 0 ](” 6
= -1 -1 X
Vo] (M) My (M)

Where because Mé(l) M (1)(5) we used the relation M, (DV,(]O)
Mvd . Finally, using Eqs (52), (54), and (56), we conclude that

Cui 1 0
€= Cun ~(M®) "My (M) o7
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Fig. 2 Aircraft components undergoing bending and torsion.

Numerical Example

We consider the flexible aircraft shown in Fig. 1, and in particular
the model depicted in Fig. 2. It is the same model as that considered
in Ref. 5, from which we obtain the mass matrix M and stiffness
matrix K corresponding to spatial discretization by means of aircraft
component shape functions. Then, forming the matrix My = M|, ¢
and solving the small-motions eigenvalue problem, Eq. (11), we
obtain the eigenvectorsd;, ds, . . ., dg , and associated eigenvalues
Ay A2, ..., Ae+n, and we note that the first six are the rigid-body
eigenvectors with zero eigenvalues. Removing the first six rows
and columns from the matrix of eigenvectors and retaining only m
columns, we obtain the n x m matrix D,, of elastic eigenvectors, as
indicated by Eq. (12). These elastic eigenvectors represent aircraft
shape functions; the first two are plotted in Fig. 3. Then, using
Egs. (13) and (14), we reduce the order of the state equations to
2(6 + m); the reduced system is given by Eqs. (21).

The objective is to produce time simulations of the aircraft re-
sponse. This task is rendered significantly simpler by the pertur-
bation approach described earlier whereby the state equations are
separated into a flight dynamics problem, Eqgs. (27), and an extended
perturbation problem, Eqs. (31). The first describes quasi-rigid air-
craft maneuvers and the second the feedback control of deviations
from these maneuvers. We consider two cases, steady level flight
and a level steady turn maneuver.

A. Steady Level Flight

Steady level flight, described by the zero-order problem, is defined
by

VP =cPv® 0 0]=const, W =0 (58

where V© is the aircraft forward velocity, so that Eqgs. (30) reduce
to

©0)

Pyy = mV}Q) = const., pg? = S‘(O)V(fo) = const. (59)

Then, from the second line of Eqs. (27), we conclude that

FO=0, M%=0 (60)
which indicate that the aerodynamic, gravity, propulsion, and control
forces balance out to zero.

We consider a flight at an altitude of 25,000 ft and with a forward
velocity of 416.67 ft/s and hence a Mach number of 0.41. Assum-
ing that the roll angle ¢, yaw angle ¥, aileron angle §, and
rudder angle 8§ are all zero and solving the nonlinear equations

Fig. 3 First two aircraft shape functions.

(59), we obtain the pitch angle, which is equal to the angle of at-
tack, 0© = 3.82 deg, the engine thrust F.’ =431.6465 Ib, and the
elevator angle ¥ = —15.49 deg. Note that expressions for the aero-
dynamic, gravity, propulsion, and control forces entering into F©
and M© are given in Ref. 5.

In the case of steady level flight, the aircraft experiences small
static deformations due to the zero-order forces. The procedure for
calculating them is given in Ref. 5, although here there is the added
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task of transforming displacements in terms of component shape
functions into displacements in terms of aircraft shape functions.

For the reduced model, we use m =8 aircraft shape functions
and compute the system matrices A and B in the extended pertur-
bation problem defined by Eq. (38). Note that eight aircraft shape
functions are quite sufficient to represent accurately the system dy-
namic characteristics. Implicit in this statement is the fact that the
aircraft shape functions associated with the higher eigenvalues are
increasingly “wrinkled” and hence increasingly difficult to excite.
Moreover, because the lower shape functions have few nodes, it
would be extremely difficult to place all the sensors and actua-
tors at the nodes of the eight shape functions, so that observability
and controllability are virtually assured on physical grounds. The
control vector uV is of dimension 14; the actuators are listed in
the paragraph below Eq. (38). A trial-and-error process yielded the
choice of the weighting matrices QO = diag[1 1 100 --- 0]
and R =diag[0.03 2 x 10° 10° 10° 1 1 1] appearing in the
performance measure, Eq. (39). Then, solving the corresponding
steady-state Riccati equation and using Eq. (41), we obtain the con-
trol gain matrix

5.7305 0 0.6976
0 0.0005 0
—0.0001 0 0.0007
0 0.0001 0
0.0089  0.3552 —0.0200
G= 0.0034  0.3578  0.0296
0.0089 —0.3552 —0.0200
0 —0.0585 0
L O 0.0040 0

Note that the reduction in the system order rendered the process
of choosing Q and R much easier. Then, solving the eigenvalue
problem (44), we obtain the closed-loop eigenvalues

A1z = —0.4094 £ 0.4050i, 34 = —0.3836 £ 0.5937i
As = —0.7686, Ae7 = —1.1873 £ 0.79061,

e harag = —9.3168 & 123.1441i (62)

so that the closed-loop system is asymptotically stable. Note that
the open-loop system is unstable, because the first four eigenvalues
are zero and the fifth is real and positive.

Next, we consider the observer design. To this end, we
first compute the matrix C relating the output vector to
the state vector, Eq. (57), and then we use the noise in-
tensity matrices V =diag[0.1 0.001 0.2 1 110 --- 0] and
W =diag[10 10 100 1 10 --- 10] and obtain the observer gain
matrix

r 0.0204 0 —0.0002
0 0 0
—0.0015 0 0.0001
K, = 0 —0.0006 0
0 0 0
L O 0 0

In general, V and W are computed using actuator and sensor noise
signals. In the absence of such signals, V and W must be assumed.

823

The reduced system order rendered this choice much easier. Subse-
quently, we compute the observer eigenvalues

Arp = —0.1678 = 0.11437, Az = —0.2760

Ay =—0.6117, As = —1.4715, Ao = —1.9423

A7 = —0.3706 +£2.7802i, . . .,

o728 = —9.3140 £ 123.1433i (64)

The eigenvalues are real and negative and complex with a negative
real part, which guarantees asymptotic convergence of the estimated
state to the actual state.

Finally, we simulate the aircraft response to a gust in the form of
an initial impulse distributed over the wing as follows:

AR =[0 0 —05B3+x%/L.)s®)]. 0<xf<L,
T

L
0<x, <Ly

fh(xbry=[0 0 —05(3—x5/L,)s®)]

(65)
0.0032 0 0 7]
0.3563 - 0 0
0 0 0
0.0370 --- 0 0
280.6827 —0.0002  0.0018
281.7501 —0.0002  0.0018 D
—280.6829 0.0002 —0.0018
-9.6674 --- 0 —0.0001
25.0041 - -- 0 0.0001 |

where the superscripts R and L denote the right half and left half
of the wing, respectively, 6(¢) is the Dirac delta function, and L, is
the length of the half wing. Inserting Egs. (65) into Egs. (32), we
obtain the first-order generalized forces entering into Fy. Then, let-
ting the initial state xV (0) be zero, the response to the gust given by
Eqgs. (65) is obtained by evaluating the convolution integral, Eq. (45).
Figures 4 and 5 show the actual and estimated responses for a se-
lected number of rigid-body and elastic variables, where “actual”
and “estimated” refer to responses without and with the use of an
observer, respectively. As can be seen, convergence of the estimated
variables to the actual ones is relatively fast. Moreover, Figs. 6 and
7 show the control inputs.

B. Level Steady Turn Maneuver

In the zero-order problem for the level steady turn maneuver, the
aircraft flies at a constant velocity around a circular path of constant
radius R in the horizontal XY plane. In this case, it is convenient

0 . 0 0 T
—0.0063 - -- 0 0
0 o 0 0
1.3453 0.0029 0.0026 (63)
0 0 0
0 0 0 J

to refer the rigid-body motions to a set of axes xyz obtained from
XY Z through a rotation ¥ about Z, where @ = Q = constant
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is the turn velocity. It follows that the zero-order velocities are
VP =CPRQ 0 0]" = const.

wP=EP0 0 Q)" = const. (66)

where C'” is obtained from C (;)) by setting 1 © = 0. From Egs. (30),
the zero-order momenta are

pﬁ); _ mV(fO) + §<0)Tw(;” = const.
pgn S“’)V(f‘” + ]<0Jw<f9> = const. (67)

so that the zero-order equations of motion, second line of Eqgs. (27),
reduce to

—apyy +FO =0,  —V"p)) —aPpl) + M =0 (68)

We consider the case in which the turn radius is R =1.5 mi=
7920 ft and the tangential velocity is RS2 =416.67 ft/s, so that the

angular velocity of the aircraft during the turn is  =0.0526 rad/s.
Inserting Egs. (66) and (67) in conjunction with these values
into Egs. (68) and solving the resulting nonlinear equations, we
obtain the pitch angle, which is equal to the angle of attack,
6©® =5.65 deg, the roll angle, which is equal to the bank angle,
¢© =35.30 deg, the engine thrust F\" =468.7429 Ib, the aileron
angle 3 = —0.16 deg, the elevator angle §” = —18.53 deg, and
the rudder angle §©© = —19.74 deg.

As in the case of steady level flight, here too the aircraft expe-
riences small static deformations due to the zero-order forces. The
procedure for determining them is described in Ref. 5.

Following the pattern established for steady level flight in
conjunction with a reduced-order model with m = § aircraft shape
functions, we can calculate the system matrices A and B. Then,
using the weighting matrices Q =diag[l 1 --- 1 00 --- 0]
and R = diag[0.5 4 x 107 107 5x 10° 50 --- 50]in the perfor-
mance measure and following the steps outlined earlier, we obtain
the gain matrix
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13996 —0.1787
0 0.0001

0 ~0.0002

0 0.0001

0.0060  0.0315

G=1 00059 00293
~0.0050 —0.0287

0 ~0.0035

| 0.0008  0.0010

Then, solving the closed-loop eigenvalue problem (49),
the closed-loop eigenvalues

A1z = —0.2055 4 0.1949i,

ufl;, 4, [in]

Aza = —0.2285 £ 0.3610i

so tha

MEIROVITCH AND TUZCU
—0.0941 62.9719 0 —0.0003
0.0001 0.4731 0 0
0.0002 0.2105 0 0
0 0.1472 0 0
0.0223 147.4389 —0.0001 0.0007 60
0.0255 150.7415 —0.0001 0.0007 (69)
—0.0259 —150.3271 0.0001 —0.0007
—0.0016  —1.7485 0 0
0.0018 16.1500 0 0.0001 |
we obtain As = —0.4546, Ae,7 = —0.5963 £+ 0.53151,
ooy Ao70s = —9.3233 £ 123.1273i (70)

t the closed-loop system is asymptotically stable.
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Fig. 9 Wing and elevator tip bending displacements.
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Fig. 10 Engine thrust and aileron, elevator, and rudder angles.
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Fig. 11 Wing and empennage control forces.

Turning our attention to the observer design, we first com-
pute the matrix C according to Eq. (57). Then, using the noise
intensity matrices V =diag[10™> 107 100 1 1100 --- 0]
and W =diag[10 10 5 5 10 --- 10], we obtain the observer gain
matrix

0 0 0 0.0001
0 0 0 —0.0001
0 0 0 —0.0001
0.0001 0  —0.0001
K,=[—-00010 0  —0.0001 —0.1317
0 0.0003 0  —0.199%
0 0 0
o0 0 0 0

and subsequently the observer eigenvalues

A = —0.0044, A3 = —0.2002 £ 0.1823i

g5 = —0.4829 £+ 0.68771, Ae7 = —0.9946 £ 0.91161,

ooy Ao70s = —9.3191 £ 123.1265i (72)

indicating asymptotic stability of the observer. Next, we simulate
the aircraft response to the same gust as given by Eqgs. (65). Figure 8
shows actual and estimated rigid body velocities and Fig. 9 displays
wing and elevator tip bending and torsional displacements; the tor-
sional displacements are quite small. As can be seen, convergence
of the observed state to the actual state is quite fast. In addition,
Fig. 10 shows the first-order engine thrust and the aileron, elevator,
and rudder angles and Fig. 11 shows the feedback control forces on
the right half-wing and on the right half-elevator.

Conclusions

Quite recently, the authors developed a unified formulation for
the dynamics and control of maneuvering flexible aircraft.’> The
formulation represents a seamless integration of pertinent material
from analytical dynamics, structural dynamics, aerodynamics, and
controls. It includes both the aircraft rigid-body motions and elastic
deformations, as well as the aerodynamic, gravity, propulsion, and

0.4970

control forces, all in a rigorous manner. The formulation permits
time simulations of the response of maneuvering flexible aircraft to
initial conditions and external excitations.

There is a basic conflict in requirements between structural and
aerodynamic modeling on the one hand and feedback control on

00010 0 .- 0 0
0 0.0003 --- 0 0
00001 0 .- 0 0
—0.0658 —0.0997 0.0067  0.0060
20082 —0.0061 0.0003  0.0007 (1)
—0.0061  1.7912 0.0115  0.0105
0 I | 0
0 I | o |

the other hand. Indeed, structural and aerodynamic modeling tend
to require a large number of variables, whereas control design ex-
periences serious difficulties with high-dimensional systems. This
paper contains improvements over an earlier formulation. In partic-
ular, by using a Galerkin spatial discretization in conjunction with
whole-aircraft shape functions, the number of states has been re-
duced from 76 to 28. This is a significant reduction in view of the
fact that it all came from the elastic states, because the number of
rigid-body states remained the same at 12. In turn, the reduced-order
system permitted better controller and observer designs, resulting
in better aircraft performance, as can be seen from the time simula-
tions. Moreover, there is a significant reduction in the computational
effort.

It is perhaps appropriate to point out here that the theory de-
veloped by the authors is concerned with a dynamic synthesis for
flexible aircraft, and in particular with how the individual disciplines
are made to work together as a single system, the ultimate objective
being on-line or real-time simulations of the aircraft response. The
disciplines involved are analytical dynamics, structural dynamics,
aerodynamics, and controls. Note that, because the formulation is
modular in nature, the structural modeling, aerodynamic theory, and
control method can be replaced by other ones to suit a given type of
aircraft, provided the replacements lend themselves to ready integra-
tion into the unified formulation. One discipline particularly difficult
to integrate into the unified formulation is aerodynamics, which has
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developed a life of its own and is notorious for time-consuming
computations. In fact, for seamless integration into a unified formu-
lation and for the ability to compute aerodynamic forces in such a
way as to permit sufficiently fast time simulations, it appears that a
new aerodynamic methodology is necessary. Until such new theory
becomes available, this paper uses strip theory to demonstrate the
integration process.

The aircraft model used here, Fig. 1, is that of an executive jet. Yet
the theory developed by the authors is able to accommodate aircraft
intended for considerably more critical missions than a transport
aircraft performs. Indeed, the developments are ideally suited to au-
tonomously controlled unmanned aerial vehicles (UAVs), for which
all control decisions must be made by autopilots. Real-time simu-
lations and feedback control by means of observers are needed for
autopilot control of the type envisioned here. In this regard it should
be pointed out that all the time simulations in this paper were carried
out by a 1-GHz personal computer.
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